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By means of an identity it is proved that every integer is the sum or difference
of 12 integral seventh powers and every rational member is the sum or difference
of 8 seventh powers of rational numbers. A parametric solution in positive integers
of the diophantine equation 4i=1 x
7
i =
5
i=1 y
7
i is obtained and it is also shown
how solutions in positive integers of the equation mi=1 x
7
i =
n
i=1 y
7
i may be
obtained whenever m4 and n5.  2000 Academic Press
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If there exists a non-trivial solution of
:
m
i=1
xki = :
n
i=1
yki (1)
where the x’s and y ’s are positive integers, we write
(m)k=(n)k. (2)
We use ;=;(k) to denote the least value of n such that (1) has a non-
trivial solution with m<n, and #=#(k) to denote the least value of n such
that (1) has infinitely many non-trivial solutions with m<n.
Further, we use v(k) to denote the least value of s such that every integer
n can be expressed in the form
n==1xk1+=2 x
k
2+ } } } +=s x
k
s , (3)
where =i=\1 and xi is a positive integer or zero for all values of i.
Similarly, we use g1(k) to denote the least value of s such that every
rational number r can be expressed in the form
r==1xk1+=2x
k
2+ } } } +=sx
k
s , (4)
where =i=\1 and all of the values of xi are rational.
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In this paper we prove the following theorems about seventh powers:
Theorem 1. ;(7)5.
Theorem 2. #(7)5.
Theorem 3. v(7)12.
Theorem 4. g1(7)8.
We also obtain a parametric solution in positive integers of the diophan-
tine equation
:
m
i=1
x7i = :
n
i=1
y7i (5)
whenever m4 and n5.
Theorems 2, 3 and 4 are new. The earlier known result in respect of v(7),
given by Fuchs and Wright [2], was
v(7)14.
A couple of numerical examples which establish Theorem 1 have been men-
tioned earlier by Lander, Parkin and Selfridge [3], and recently Ekl [1]
has listed nine such numerical examples.
Proof. We write
x1=x+a, x2=x&a, x3=2x+b, x4=2x&b,
y1=x+c, y2=x&c, y3=2x+d, y4=2x&d,
where
a=534407060429869176086407612538177,
b=859793943610761912321826231621886,
c=292565171139318137956759657471297,
d=863420822620431936290192229011966.
Then we have the identity
x71+x
7
2+x
7
3+x
7
4& y
7
1& y
7
2& y
7
3& y
7
4=C1x (6)
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where
C1=230 .34 .53 .74 . 113 .133 .173 . 43.593 .713 .793 . 833 .127.1513 .3973 .11633
. 12233 .33473 .45133 . 124973 .873833 .37291613 .71354593 .232606733.
This identity can be readily verified by direct computation using any com-
puter package such as Maple. We note that xi , i=1, 2, 3, 4 and yi ,
i=1, 2, 3, 4 will all be positive if x exceeds max(a, b2, c, d2). In the iden-
tity (6), we substitute
x=C2 t7
where
C2=25 .33 .54 .73 .114 . 134 .174 .436 .594 .714 .794 . 834 .1276 .1514 . 3974 .11634
.12234 .33474 .45134 . 124974 .873834 .37291614 .71354594 .232606734
and we thus get the following identity
(C2 t7+a)7+(C2 t7&a)7+(2C2 t7+b)7+(2C2 t7&b)7
=(C2 t7+c)7+(C2 t7&c)7+(2C2 t7+d )7
+(2C2 t7&d )7+(C3 t)7 (7)
where
C3=25 .3 .5 .7 .11.13 .17 .43.59 .71 .79 .83.127.151 .397 .1163.1223 .3347
.4513 .12497.87383.3729161.7135459.23260673.
It is readily seen that when t is a positive integer, the identity (7) provides
a solution in positive integers of the diophantine equation
:
4
i=1
x7i = :
5
i=1
y7i .
This proves Theorems 1 and 2.
Let 2(k, C) be the smallest value of s such that every residue modulo C
is represented by s positive and negative kth powers. Further, let
2(k)=maxC 2(k, C). Fuchs and Wright [2] have shown how the values of
2(k, C) and 2(k) may be calculated and, in fact, they have shown that
2(7)=4.
If follows that
2(7, C1)4. (8)
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It can be established using the results of Fuchs and Wright that
2(7, C1)=4 but the inequality (8) is sufficient for our purpose.
It follows from the relations (6) and (8) that
v(7)8+4=12.
This proves Theorem 3.
Theorem 4 is an immediate consequence of the identity (6).
Finally, we note that a parametric solution of (5) has already been
obtained with m=4 and n=5. To solve Eq. (5) with m=4+m1 , m10,
and n=4+n1 , n11, we equate the right-hand side of (6) to n1i=1 v
7
i if
m1=0 or to n1i=1 v
7
i &
m1
i=1 u
7
i if m11, where ui , vi are arbitrary integers,
and solve for x. We can easily choose ui , vi such that the value of x is
greater than max(a, b2, c, d2). This leads to a solution in positive rational
numbers of the equation
:
4
i=1
x7i = :
4
i=1
y7i + :
n1
i=1
v7i
or,
:
4
i=1
x7i + :
m1
i=1
u7i = :
4
i=1
y7i + :
n1
i=1
v7i
according to whether m1=0 or m11. Multiplying by a suitable constant
yields a solution of (5) in positive integers.
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